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Abstract 

Let l  be a prime number and let KL  be a finite Galois l -extension of function 

fields of one variable with field of constants k, an algebraically closed field of 
characteristic .l≠p  In this paper, we obtain two explicit characterizations of the 

non-injective component of the l -part of the generalized Jacobian ( ) ,0 lNC  where 

the modulus N  in L is induced by a modulus M  in K, which contains in its 
support all the prime divisors of K ramified in L. We find explicitly the 
decomposition of the dual of the l -part of the generalized Jacobian ( )NX 0Cl  as 

direct sum of indecomposable [ ]GlF -modules. We determine an exact sequence of 

[ ]GlF -modules that characterizes implicitly the l -part of the usual Jacobian 

( )lL0C  in the general case. 

1. Introduction 

Let k be an algebraically closed field of characteristic l,0≥p  be a 

prime number, kK  be an algebraic function field of one variable with 

field of constants k, and KL  be a finite Galois l -extension of function 

fields with Galois group ( ) .Gal GKL =  The group G acts naturally on 

the l -torsion of the Jacobian variety LJ  associated to the function field 

.kL  Hence, G acts by restriction on ,Lm J
l

 the group of points of LJ  of 

order dividing .ml  Then, the direct limit ( ) L
m

LL mm
m

JJJ
ll Ul

∞

=→
==

1
lim:  

has a [ ]GlZ -module structure, where lZ  denotes the ring of l -adic 

integers and [ ]GlZ  denotes the group ring over .lZ  We have that ( )lLJ  

is naturally G-isomorphic to ( ),0 lLC  the Sylow l -subgroup of the group 

L0C  of divisor classes of degree 0 of L. It is well known that, for ,p≠l  

( ) Lg
L R2

0 ≅lC  as groups, where Lg  denotes the genus of L, ,:
l

l

Z
Q

=R  

and lQ  denotes the field of l -adic numbers. 

The basic tool used with success in the study of the Galois module 
structure of the usual Jacobian ( ),0 lLC  i.e., in the obtention of the 
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decomposition of ( )lL0C  as direct sum of indecomposable [ ]GlZ -modules, 
in both cases p=l  and ,p≠l  has turned out to be the consideration of 
the generalized Jacobian variety ,NC  where the modulus N  in L is 
induced from a modulus M  in K, which contains in its support all the 
primes ramified in L, and the exact sequence 

( ) ( ) ,00 00  → → → → ll LCC NR  (1) 

where ( )lN0C  is the l -torsion of N0C  and R  is the kernel of the natural 
map, which was characterized as [ ]GlZ -module by Villa and Madan (see 
[17], Theorem 1, page 257). 

When ,p=l  we have that the generalized Jacobian ( )lN0C  is an 

injective [ ]GlZ -module, that is, ( ) [ ] ,0
uGR≅lNC  for some 0≥u  (see 

[16], Proposition 8). 

In the case ( )ll N0,Cp≠  is always non-injective as [ ]GlZ -module 

(see [18], Theorem 6). In fact, one has that ( ) [ ] SGR u ⊕≅lN0C  with S an 

indecomposable [ ]GlZ -module, which is isomorphic to sR  as groups, 

where ( ) ddGs ,11 +−=  denotes the minimum number of generators of 

G and G  denotes the order of G. 

The use of the dual of Heller’s loop operator #Ω  has been very 
effective in the study of the non-injective component of ,0LCl  the l -part 

of ( ).0 lLC  More explicitly, we want to establish an exact sequence of 

[ ]GlF -modules 

[ ] ,00 0  → → → → β
LGM CllF  (2) 

where lF  denotes the finite field with l  elements. 

To relate the l -parts of sequences (1) and (2), it is very important to 
know explicitly the structure as [ ]GlF -module of ,0NCl  the l -part of the 

generalized Jacobian ( ).0 lNC  
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In particular, since N0Cl  is the subgroup of elements of order 

dividing l  of ( ),0 lNC  we have that N0Cl  is an [ ]GlF -module and 

[ ] ,0 SG u
lll ⊕≅ FNC  

where we denote by ,Sl  the l -part of the [ ]GlZ -module S. 

In this paper, we obtain two explicit characterizations of the [ ]GlF -

module ,Sl  Theorem 3.8, and Proposition 4.6. For ,KL  any finite 

Galois unramified l -extension, in Section 5, we obtain explicitly the 
decomposition of L0Cl  as direct sum of indecomposable [ ]GlF -modules, 

this is (36). We determine explicitly the Galois module structure of the 
dual of the l -part of the generalized Jacobian ( ),0NX Cl  that is, we 

obtain explicitly the decomposition of ( )NX 0Cl  as a direct sum of 

indecomposable [ ]GlF -modules, this structure is obtained in Theorem 5.3. 

In Section 2, we collect basic results that we use along the paper. In 
Sections 3 and 4, we give the proofs of Theorem 3.8 and Proposition 4.6, 
respectively. 

In Section 5, we obtain an exact sequence of [ ]GlF -modules that 

implicitly characterizes the Galois module structure of the l -part of usual 
Jacobian ( ),0 lLC  i.e., we determine the value of β  appearing in (2), for an 

arbitrary Galois l -extension .KL  

2. Notations and Auxiliary Results 

Now, we introduce the objects that we will be working along with the 
paper. KL  denotes a finite Galois l -extension of function fields of 

order nl  with Galois group ( )KLG Gal=  and field of constants k, an 

algebraically closed field of characteristic .l≠p  

Let 

{ },,,, 21 tPPPP K=  
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and 

( ) { } { }{ },,,1,,,1 inni
j jti −∈∈= lKKQ P  

where P  consists of all the different prime divisors of K ramified in L, 

 P  is the set of prime divisors ( )i
jQ  of L such that ( )i

jQ  divides the prime 

divisor ,iP  for ,1 innj −≤≤ l  and inl  denotes the ramification index of 

the prime divisor .iP  

Let M  be the modulus in K defined by: 

.
1

i

t

i
P∏

=

=M  

Let N  be the modulus in L induced by M  (i.e., N  is the conorm of M ), 
given by: 

.Q

PQ
∏
∈

=N  

We use the following notation: 

• LP  is the set of prime divisors of L, 

• ND  is the group of divisors of L relatively prime to ,N  

• N0D  is the group of divisors of degree zero relatively prime to ,N  

• NP  is the group of principal divisors ( )α  such that ,mod1 N≡α  

• 
N

N
N P

0
0 :

D
C =  is the group of classes of divisors of degree 0 associated 

to ,N  

• NL  is the group of L∈α  such that ( )α  is relatively prime to ,N  
and 

• ( )1N
L  is the group of NL∈α  such that .mod1 N≡α  
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We denote by ( ) ( ),0 ll NN J≅C  the Sylow l -subgroup of ,0NC  and we 
call it generalized Jacobian. 

For any G-module A, the i-th Tate cohomology group ( )AGHi ,  with 

,Z∈i  is denoted by ( )., AGH i  The trivial group is denoted by 0, 
whether its structure is additive or multiplicative. Also, we denote the 

elements of A fixed by the action of G, by { }GgmgmAmAG ∈∀=∈=:  

and by NNG =  the norm (or trace) map, that is, if ,Am ∈  then ( )mN  

( ).or gmgm GgGg ∑∏ ∈∈
=  Sometimes, we will use the additive notation 

( )AN  and some other the multiplicative notation NA  for the norm of A. 

On the other hand, AN  denotes the kernel of N acting on AIA G,  

denotes the module generated by AmGgmgm ∈∈− ,  and 
[ ].1 GGggIG lZ⊆∈−=  We denote by mC  the cyclic group with m 

elements. 

We remark that some results of this section are very well-known, 
however, we decided to include them, some with their proofs, to make the 
reading of the paper easier. 

One of the main results, very frequently used during the present 
work is the following result of which we present its proof. 

Lemma 2.1 (Schanuel’s lemma for projective modules). Let 1P  and 

2P  be projective A-modules, where A is a commutative ring with identity. 

If we have two exact sequences of A-modules: 

,00 11 →→→→ XPB  

,00 22 →→→→ XPB  

then .1221 BPBP ⊕≅⊕  

Proof. Let XP →ϕ 1:  and XP →ϕ′ 2:  denote the epimorphisms 
of the exact sequences. Let 

{( ) ( ) ( )}., 21 qpPPqpM ϕ′=ϕ⊕∈=  
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If 1: PM →π  is the projection on the first coordinate of M, then π  is an 

epimorphism. In fact, since ϕ′  is epimorphism, for every ,1Pp ∈  there 

exists 2Pq ∈  such that ( ) ( ),qp ϕ′=ϕ  then ( ) Mqp ∈,  and ( ) ., pqp =π  
On the other hand, 

( ) ( ) ( ){ }0,0ker =ϕ′=π qq  

( ) .ker 2B≅ϕ′≅  

Therefore, we have the exact sequence 

.00 12 →→→→ PMB  

Since 1P  is projective this exact sequence splits, thus .12 PBM ⊕≅  
Similarly, we have an epimorphism 21 : PM →π  and using the same 
previous argument, we obtain an exact sequence 210 PMB →→→  

.0→  Therefore, ,21 PBM ⊕≅  proving the result.   

Remark 2.2. We have a dual of Schanuel’s lemma. That is, 
Schanuel’s lemma for injective modules. 

Let 1P  and 2P  be two injective A-modules, where A is a commutative 
ring with identity. Let us assume that we have two exact sequences of A-
modules: 

,00 11 →→→→ BPX  

,00 22 →→→→ BPX  

then .1221 BPBP ⊕≅⊕  

Remark 2.3. If M is an [ ]GlF -module, then M is an injective [ ]GlF -
module, if and only if M is a projective [ ]GlF -module. Furthermore, when 
M is an [ ]GlF -module, Lemma 2.1, and Remark 2.2 are equivalent. 

For any [ ]GlZ -module M, we define ( ) ( ),,Hom: RMM
lZ=X  the 

Pontrjagin’s dual of M. We have what ( )MX  has a [ ]GlZ -module 
structure given by: 

if ( ) ,, GgMf ∈∈ X  and ,Mx ∈  then ( ) ( ) ( ).1 xgfxfg ⋅=⋅ −  
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A fundamental result on the Pontrjagin’s dual is the following 
proposition. The proof can be found in [8], page 84. 

Proposition 2.4 (Pontrjagin-Van Kampen). Let G be a finite l -group 
and let M be a [ ]GlZ -module such that M as group is locally compact in 

the compact-open topology. Then, ( )( ) MM ≅XX  as [ ]GlZ -modules.   

Lemma 2.5. Let G be a finite l -group and let H be a subgroup of G. 
Then 

  (i) ( ) R≅lZX  and ( ) lZ≅RX  as [ ]GlZ -modules. 

 (ii) ( [ ]) [ ]HGRHG ≅lZX  and [ ]( ) [ ]HGHGR lZ≅X  as [ ]GlZ -

modules. 

(iii) If 00 →→→→ CBA  is an exact sequence of [ ]GlZ -modules, 

then ( ) ( ) ( ) 00 →→→→ ABC XXX  is an exact sequence of [ ]GlZ -

modules. 

Proof. We will only show the first isomorphisms of (i) and (ii), the 
others are an immediate consequence of Proposition 2.4. If ( )lZX∈α  

( ),,Hom Rll
ZZ=  let ( ) R→θ lZX:  be given by ( ) ( ).1α=αθ  It is easy 

to see that θ  is an isomorphism, which shows (i). 

Let ( [ ] ).,Hom RHGll
ZZ∈ϕ  Then G acts on ϕ  by ( ) ( )ag ϕo  

( ),1ag−ϕ=  with ,Gg ∈  and a [ ].HGlZ∈  Let ( [ ]) RHG →θ lZX:  

[ ]HG  be given by ( ) ( ) .σσϕ=ϕθ ∑
∈σ HG

 It is easy to see that θ  is a 

[ ]GlZ -isomorphism, this shows (ii). 

On the other hand, since [ ]GR  is an injective [ ]GlZ -module and 

00 →→→→ CBA  is an exact sequence of [ ]GlZ -modules, by 

Theorem 8.4 of [2], page 36, we obtain the following exact sequence of 
[ ]GlZ -modules 

[ ] [ ]( ) [ ] [ ]( ) [ ] [ ]( ) .0,Hom,Hom,Hom0 →→→→ GRAGRBGRC GGG lll ZZZ  
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Finally, since ( ) ( )) ( ),,Hom][,Hom(][,Hom ][ RMGRMGRM G
G lll ZZZ ≅≅  

as [ ]GlZ -modules, we obtain (iii).   

If P is an [ ]GlF -module, ( )ll
FF ,Hom: PP =∗  denotes the dual of P as 

lF -vector space. We have what ∗P  has an [ ]GlF -module structure given 
by: 

if ,, GgPf ∈∈ ∗  and ,Px ∈  then ( ) ( ) ( ).1 xgfxfg ⋅=⋅ −  

Remark 2.6. Since ,RR ⊆≅ llF  we have that for any [ ]GlF -module 

( )PPP X≅∗,  as [ ]GlF -modules. 

Let [ ] ll FF →/ Gv :  be the augmentation [ ]GlF -epimorphism given 
by: 

.: g
Gg

g
Gg

agav ∑∑
∈∈

=












/  

The [ ]GlF -module, ( ) { [ ] }0ker: =∈=/= ∑∑
∈∈

g
Gg

g
Gg

G aGgavI ll F  is 

called the augmentation ideal of [ ].GlF  

Lemma 2.7. Let G be a finite l -group and let P be an [ ]GlF -module. 
Then 

  (i) ( ) ( )∗= PP
ll FF dimdim  and ( )∗∗≅ PP  as [ ]GlF -modules. 

 (ii) ( [ ]) [ ]GG ll FF ≅∗  as [ ]GlF -modules. 

(iii) [ ]
GIG

l
l

l ≅







∗

F
F  as [ ]GlF -modules. 

(iv) If 00 →→→→ CBA  is an exact sequence of [ ]GlF -modules, 

then 00 →→→→ ∗∗∗ ABC  is an exact sequence of [ ]GlF -modules. 

Proof. (i) and (iv), are similar to Lemma 2.5. For (ii) and (iii), see 
[16], Lemma 7, page 344.   
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Let M be a [ ]GlZ -module and 00 →→→→ PYM  be any exact 

sequence with Y an injective [ ]GlZ -module, we write ( ) ( ),01 PPP ⊕=  

where ( )1P  is an injective [ ]GlZ -module and ( )0P  has no [ ]GlZ -injective 

components. Then, ( ) ( )0: PM =Ω#  is the dual of Heller’s loop operator of 

M. The module ( )M#Ω  is unique up to isomorphism. Note that #Ω  is 

well defined, since the Krull-Schmidt-Azumaya’s theorem (see [1], (6.12), 
page 128) holds for [ ]GlZ -modules. 

We have a concept dual to .#Ω  Let Y be a projective [ ]GlZ -module 

and write ( ) ( ),01 MMM ⊕=  where ( )1M  is a projective [ ]GlZ -module 

and ( )0M  has no [ ]GlZ -projective components. Then, ( ) ( )0: MP =Ω  is 

the Heller’s loop operator of P. The module ( )0M  is unique up to 
isomorphism. 

We have (see [17], Proposition 4, page 258). 

Proposition 2.8. Let G be a finite l -group and let H be a subgroup of 
G. Then 

  (i) [ ]HGR  and [ ]
[ ]HGR

GR  are indecomposable [ ]GlZ -modules. 

 (ii) [ ]( ) [ ]
[ ]HGR

GRHGR ≅Ω#  as [ ]GlZ -modules. 

(iii) If 1M  and 2M  are [ ]GlZ -modules, then ( ) ## Ω≅⊕Ω 21 MM  

( ) ( ).21 MM #Ω⊕   

Proposition 2.9. Let G be a finite l -group and let M be a [ ]GlZ -

module such that ( )MX  is a finitely generated [ ]GlZ -module. Then, 

( ( )) ( )( ).MM XX Ω≅Ω#  

Proof. See [5], Chapter 7, Theorem 5.1, page 348.   
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The following results are mainly used for the study of the injective 
component of a [ ]GlZ -module. 

Theorem 2.10 ([14], Valentini). Let F be an algebraically closed field 
of characteristic G,l  be a finite l -group, M be a finitely generated [ ]GF -

module, and let N denote the norm map. If ( ),dim MNn F=  then ≅M  

[ ] ,PGF n ⊕  where [ ]GF  is not a component of P.   

This result still holds removing the hypothesis that F is an 
algebraically closed field. The proof is the same as the one given in [14]. 

Let M be a [ ]GlZ -module such that the Pontryagin’s dual ( )MX  is 

finitely generated, G being a finite l -group and lZM -injective and as 

groups, 0sRM ≅  with .0 ∞<s  If Ml  denotes the set of elements of M, 

whose order divide ,l  then Ml  is a finitely generated [ ]GlF -module. We 

have 

Theorem 2.11 ([9], Rzedowski-Villa-Madan). Let M and G be given 

as above. If [ ] ,UGM n ⊕≅ ll F  where [ ]GlF  is not a component of U and 

[ ] ,VGRM m ⊕≅  where [ ]GR  is not a component of V, then .mn =    

3. Non-Injective Component of Generalized Jacobians 

The goal in this section is to obtain an explicit characterization of the 
non-injective component of the l -part of generalized Jacobians .0NCl  

This is Theorem 3.8. 

The general [ ]GlZ -module structure of ( ),0 lNC  that is, the 

decomposition of ( )lN0C  as direct sum of indecomposable [ ]GlZ -modules 

is given by: 

Theorem 3.1 ([18], Villa-Rzedowski). If KL  is a finite Galois l -

extension of function fields of one variable, then the [ ]GlZ -module 

structure of the generalized Jacobian ( )lNJ  is given by 
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( ) [ ] ,12 SGR dtgK −−+≅lNJ  (3) 

where t is the number of prime divisors of K ramified in L, S an 

indecomposable [ ]GlZ -module such that, as groups, sRS ≅  with =s  

( ) 11 +−dG  and d is the minimum number of generators of the Galois 

group G.   

Furthermore, in [18], page 46, it was obtained: 

( ) ( ) .allfor,,, 1 ZZ ∈≅ − iGHSGH ii  (4) 

In particular, for the l -part of ( ),lNJ  we obtain from (3), 

[ ] ( ).12
0 SG dtgK

llll −−+≅≅ FJ NN C  (5) 

In general, an explicit description for the indecomposable [ ]GlZ -module 

S (non-injective component of ( )lN0C ) is not known. However, we present 

a conjecture on the explicit description of S, based in a characterization of 
,Sl  that we obtain in Theorem 3.8. 

Let M be a [ ]GlZ -module, that is, lZ -divisible and such that ( )MX  

is finitely generated, that is, as groups, ,0mRM ≅  for some 
{ }.00 UN∈m  We have 

,00 →→→→ MMM l
l  (6) 

is an exact sequence of [ ]GlZ -modules, where l  denotes the 

homomorphism multiplication by l  on M and { xMxM ∈=:l  is of 

order dividing }.l  

From (6), we obtain the exact sequence of cohomology groups 

( ) ( ) ( ) →→→→ −− MGHMGHMGH iii
l

l
L ,,, 11  (7) 

( ) ( ) .,, Ll
l →→→ MGHMGH ii  
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From (7), it follows that 

( ) ( ) ( ),, 1 MMi iiCMGH α+α −≅ ll  (8) 

where 

( ) ( )
( )

( ).,dim
,
,dim MGH

MGH
MGHM i

i

i
i lll

l
FF ==α  

Then 

( ) ( ) ( )., 1 SSi iiCSGH α+α −≅ ll  (9) 

The cohomology of ,Z  (see [21], Corollary 4.4.7), is given by 

( ) ( ) ,allfor,,, ZZZ ∈≅ − iGHGH ii  (10) 

( ) ( ) { },0,, 11 ≅≅ − ZZ GHGH  (11) 

( ) ,,0
GCGH ≅Z  (12) 

and ( ) ( ) ,,, 22 GGGHGH ′≅≅− ZZ  (13) 

where G′  denotes the commutator subgroup of G. 

In [13], Chapters 1, 4, Sections 4.3 and 4.4, it is proven that 

( ) ( ) ,and 32 drd −=α=α ZZ  (14) 

where d is the minimum number of generators of G and r is the number 
of relations of G. 

Proposition 3.2. If S is the [ ]GlZ -module appearing in Theorem 3.1, 

then 

( ) .dim dSG =llF  

Proof. From (9), (4), and (14), we have 

( ) ( ) ( ) ., 00 10 ddSS CCCSGH llll ≅≅≅ +α+α −  
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From Theorems 3.1 and 2.10, we obtain that ( ) .0dim =SN llF  Since 

( ) ( ) ,,0
SN

SSGH
G

l

l
l ≅  we have ( ) .,0 dG CSSGH lll ≅≅  The result 

follows.   

Lemma 3.3. If ( ) cSG =llFdim  and c′  is the minimum natural 

number such that [ ]cGRSg ′→:  is a [ ]GlZ -monomorphism, then 

.cc ′=   

Proof. Since [ ]cGRSg ′→:  is a [ ]GlZ -monomorphism, we have the 

exact sequence 

[ ] [ ] .00 →→→→
′

′
S
GRGRS

c
c  

Considering cohomology groups, we obtain the exact sequence 

[ ] .0 L→









→→→

′
′

Gc
cG

S
GRRS  

Taking l -parts, we have the exact sequence 

[ ] .0 Llll →









→→→

′
′

Gc
cG

S
GRS F  

Therefore cGS ′→σ ll F:  is a monomorphism, therefore, ( )GSllFdim  

.c′≤  

On the other hand, since ( ) ,dim cSG =llF  it follows that ,cGS ll F≅  

as groups. Furthermore, since [ ]cGR  is an injective [ ]GlZ -module, it is 

obtained the following commutative diagram 
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where 1Φ  is a [ ]GlZ -monomorphism, thus .cc ≤′  This shows the result.  

  

Corollary 3.4. Let A be a [ ]GlZ -module and let e be the minimum 

natural number such that there exists a [ ]GlZ -monomorphism →Ag :  

[ ] .eGR  Then ( ).dim GAe llF=  

Proof. Let ( ).dim GAllF=β  Using Lemma 3.3, we have .e=β    

Let  [ ] RGRv →/ :  be the augmentation [ ]GlF -epimorphism given by: 

.: g
Gg

g
Gg

agav ∑∑
∈∈

=












/  

The [ ]GR -module, ( ) { [ ] }0ker: =∈=/= ∑∑
∈∈

g
Gg

g
Gg

G aGRgavI  is called 

the augmentation module of [ ].GR  

Theorem 3.5. If S is the [ ]GlZ -module appearing in Theorem 3.1, we 

have 

[ ] ,00 →→→→ G
d IGRS  (15) 

is an exact sequence of [ ]GlZ -modules, where as groups, we have [ ]dGR  

,, 1−≅≅ G
G

dG RIR  and ( ) .11 +−≅ dGRS  

Proof. From Proposition 3.2 and Lemma 3.3, we obtain the exact 
sequence of [ ]GlZ -modules 

[ ] .00 →→→→ MGRS d  (16) 

The result will be proved, if GIM ≅  as [ ]GlZ -modules. 

Since [ ]GR  is cohomologically trivial, we have ( ) ≅MGH i ,  

( ).,1 SGH i+  In particular, from (4) and (12), we obtain 
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( ) ( ) ( ) .,,, 010
GCGHSGHMGH ≅≅≅ Z  

From (16), we obtain the exact sequence of cohomology groups 

( [ ] ) ( ) ,0,0 1 →→→→→ SGHMGRS GGdG  

where ( [ ] ) dGd RGR ≅  and .dG RS ≅  Therefore, ( ).,1 SGHM G ≅  

Since ( ) ( ) ( ) ,,, 01
MN

MMGHSGHC
G

G ≅≅≅  we have ( ) ,0=MN  

i.e., ( ) [ ]( ) [ ]( )( ).ker GRNGRMN N =⊆  On the other hand, if [ ] →GRN :  

[ ]GR  is the [ ]GlZ -homomorphism given by ( ) ∑∑ ∈∈
= GgGg gaN τ  

,gagGg∑ ∈
 then [ ]( ) .GN IGR =  Therefore .GIM ⊆  From the above, 

one has the exact sequence of [ ]GlZ -modules 

.00 →→→→ M
IIM G

G  

Since ( ) ( ) { },0,, 12 ≅≅ MGHSGH  we obtain the exact sequence of G-
modules 

.00 →





→→→

G
GG

G
G

M
IIM  

Thus, 

.00 →





→→→

G
G

GG M
ICC  

Hence { },0≅







G
G

M
I  i.e., { },0=M

IG  that is, .MIG ≅    

Now, from Proposition 3.2 and Lemma 3.3, the indecomposability of 

S, and the definition of ,#Ω  we obtain the exact sequence of [ ]GlZ -
modules 

[ ] ( ) ,00 →Ω→→→ SGRS d #  (17) 
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where, as groups, we have ( ) [ ] ,,11 dGddG RGRRS ≅≅ +−  and ( )S#Ω  

.1−≅ GR  

From (17), and using that [ ]GR  is cohomologically trivial, we obtain 
the exact sequence of cohomology groups 

( [ ] ) ( ( )) ( ) .00 1 →→Ω→→→ SHSGRS GGdG #  (18) 

From (4), in particular, we have ( ) ( ) .,, 01
GCGHSGH ≅≅ Z  

Thus, ( [ ] ) dGdG RGRS ≅≅  imply that ( ) ( ) .,1
G

G CSGHS ≅≅Ω#  

We have proved: 

Proposition 3.6. With the above notations, we have ( #ΩllFdim  

( ) ) .1=GS    

Proposition 3.7. With the notation as above, we have 

( ).SIG #Ω≅  

Proof. We obtain the result applying Schanuel’s lemma (see Remark 
2.2) to the exact sequences (17) and (15).   

Theorem 3.8. Let [ ] 00 →→→→ G
d IGW llF  be any exact 

sequence of G-modules, with d the minimum number of generators of G. 
Then 

.WS ≅l  

More explicitly, we consider the epimorphism 

[ ] ,1:: GIG G
d ∈σ−σ=→ϑ llF  

given by 

( ) ( ),1:,,,
1

21 −σξ=ξξξϑ ∑
=

ii

d

i
dK  
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where dG σσ= ,,1 K  and ϑ  is induced by: 

( ) ,1:0,0,,0,1 1 −σ=ϑ K  

( ) ,1:0,0,,1,0 2 −σ=ϑ K  

MM  

( ) .1:1,0,,0,0 −σ=ϑ dK  

Then ( ).ker ϑ≅Sl  

Proof. Taking l -parts in the exact sequence (15), we obtain the exact 
sequences 

[ ] ,00 →→→→ G
d IGS lll F  

[ ] .00 →→→→ G
d IGW llF  

We have the statement using Schanuel’s lemma (see Remark 2.3).   

Now, keeping in mind Theorem 3.8 and the cyclic case, that is, if 
KL  is a cyclic finite l -extension, the non-injective component of the 

Galois module structure of the generalized Jacobian ( )lN0C  is .RS ≅  In 

this case, 1=d  and ,RS ≅  it is characterized by the exact sequence 

[ ] .00 →→→≅→ GIGRRS  

In other words, the cylic case gives evidence for the following: 

Conjecture 3.9. Let GI  be the augmentation module and [ ]dGR:Θ  

,GI→  the epimorphism given by 

( ) ( ),1:,,,
1

21 −σξ=ξξξΘ ∑
=

ii

d

i
dK  

where ,,,1 dG σσ= K  d is the minimum number of generators of G 

and Θ  is induced by: 
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( ) ,1:0,0,,0,1 1 −σ=Θ K  

( ) ,1:0,0,,1,0 2 −σ=Θ K  

MM  

 ( ) .1:1,0,,0,0 −σ=Θ dK  

Then, ( ).ker Θ≅S  

4. A G-Exact Sequence of Sl  

The main result of this section is Theorem 4.3, which has as a 
consequence to establish an exact sequence of .Sl  It allows us to obtain 
another characterization of .Sl  The following result is used for its proof. 

Proposition 4.1. Let A be a [ ]GlF -module, 

{ N∈=α nmin  there exists an epimorphism of [ ]-GlF modules [ ]nGlF:ϕ    
},A→  

and 

{ N∈=β mmin  there exists a monomorphism of [ ]GlF -modules ( )AX:Λ     

[ ] }.mGlF→  

Then .β=α  

Proof. We have the following exact sequence 

[ ] .0ker0  → → →ϕ → ϕα AGlF  

Applying Pontrjagin’s dual and using (ii) and (iv) of Lemma 2.7, we obtain 
the exact sequence 

 ( ) [ ] ( ) .0ker0  →ϕ → → → α XX GA lF  

Since β  is the minimum, it follows that .α≤β  On the other hand, from 
the exact sequence 
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( ) [ ] ( ) ,0kerco0  →Λ → → → βΛ GA lFX  

taking Pontrjagin’s dual and using Lemma 2.7, we obtain 

( )( ) [ ] .0kerco0  → → →Λ → β AGlFX  

Since α  is the minimum, we have .β≤α    

Proposition 4.2. With the notation as above, we have 

( ( ) ) ,dim rS G =ll
XF  (19) 

where r denotes the number of relations of the group G. 

Proof. Using the duality theorem for cohomology groups, that is, 

( )( ) ( ( )),,, 1 BGHBGH jj −− ≅ XX  for all Z∈j  (see [21], 4-4-6), we have 

( ( )) ( ( )).,, 10 SGHSGH ll
−≅ XX  

From (9), (14), and (4), we obtain ( ) .,1 rCSGH ll ≅−  Hence 

( ( )) ( ( )) ( ),,, 10 rCSGHSGH lll XXX ≅≅ −  

and since S has no injective components, using Theorem 2.11, we 

conclude that ( ( )) .0dim =SN ll
XF  Then ( ) ( ).rG CS ll XX ≅  Finally by 

Lemma 2.7, we obtain ( ( ) ).dim GSr ll
XF=    

Next, we present a different proof of Proposition 4.2, without using 
duality theorem for cohomology groups. 

Taking l -parts in the exact sequence (15), we obtain the exact 
sequence 

 [ ] .00 →→→→ G
d IGS lll F  (20) 

Applying Pontrjagin’s dual and using Lemma 2.7, we obtain the exact 
sequence 

( ) ( [ ] ) ( ) ,00 →→→→ SGI d
G lll XXX F  
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that is, 

 ( ) [ ] ( ) .00 →→→→ SGI d
G lll XX F  (21) 

On the other hand, we have the exact sequence 

 [ ] ,00 →→→→ lll FF GIG  (22) 

applying Pontrjagin’s dual to (22) and using Lemma 2.7, we obtain the 
exact sequence 

 [ ] ( ) .00 →→→→ GIG lll XFF  (23) 

Therefore, 

( ) [ ] [ ] .ulesmod-as GGIG l
l

l
l FF

F
≅X  (24) 

Now, from (24) and (21), we obtain the exact sequence 

[ ] [ ] ( ) .00 →→→→ SGG d
ll

l

l XFF
F  (25) 

Since [ ]dGlF  is cohomologically trivial, we obtain 

( ) [ ] .,1 





≅

l

l
l F

F GGHS GX  

From the exact sequences (23), (24), and since [ ]GlF  is cohomologically 

trivial, we have 

[ ] ( ).,, 21
l

l

l FF
F GHGGH ≅






  

On the other hand, from (8), we obtain 

( ) ( ) ( ) ( ).,, 2122 RRCRGHGH α+α≅≅ lll
& F  (26) 

Furthermore, we have the exact sequence 

.00 →→→→ Rll QZ  
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Since lQ  is cohomologically trivial, we obtain 

( ) ( ) ( ).,,, 11 ZZ GHGHRGH iii ++ ≅≅ l  (27) 

Finally, from (26), (27), and (14), we have 

( ) ( ) ( ) ( ) ( ) ., 322 rdrdG CCCGHS lllll ≅≅≅≅ −+α+α ZZFX  

Theorem 4.3. Let KL  be a finite Galois l -extension of function 

fields and let ( ).Gal KLG =  Then 

(i) There exists an [ ]GlF -epimorphism 

[ ] ,: SGf r
ll →F  

where r is the number of relations of G. 

(ii) Sl  is an indecomposable [ ]GlF -module. 

Proof. The proof of (i) is obtained from Lemma 3.3 and Propositions 
4.2 and 4.1. Now, we assume that BAS ⊕≅l  for some non trivial 

[ ]GlF -modules A and B, that is, Sl  is not indecomposable. From (9) and 
(4), we have 

( ) ( ) ( )., 21 ZZ −− α+α≅ iiCSGH i
ll  

In particular, ( ) ( ) ( ) ., 101
lll CCSGH ≅≅ −α+α ZZ  Then 

( ) ( ) ( ),,,, 111 BGHAGHSGHC ≅≅ ll  

thus ( ) { }0,1 ≅AGH  or ( ) { }.0,1 ≅BGH  From [11], Theorem 5, page 142, 

we obtain [ ]α≅ GA lF  or [ ] ,β≅ GB lF  which is impossible. Therefore, Sl  

is an indecomposable [ ]GlF -module.   

Since Sl  is an [ ]GlF -module, [ ]rGlF  is a projective [ ]GlF -module 

and [ ] SGf r
ll →F:  is an [ ]GlF -epimorphism, we may write fN ker=  

( ) ( ),10 NN ⊕≅  where ( )1N  is a projective [ ]GlF -module and ( )0N  does 
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not contain any projective component, we have ( ) ( ).0NS =Ω l  By the 

Krull-Schmidt-Azumaya theorem, we have 

( ) [ ] .ker xGSf ll FΩ≅  (28) 

From Theorem 4.3, we obtain the exact sequence of [ ]GlF -modules 

[ ] .0ker0 →→→→ SGf r
llF  (29) 

Since [ ]rGlF  is cohomologically trivial, we obtain 

( ) ( ).ker,, 1 fGHSGH ii +≅l  (30) 

Proposition 4.4. We have what ( ) .ker,0 rCfGH l≅  

Proof. The result follows from (30), (9), (4), and (14).   

Proposition 4.5. With the notation as above, we have 

(i) ( ).ker Sf lΩ≅  

(ii) The following sequence of [ ]GlF -modules is exact 

( ) [ ] .00 →→→Ω→ SGS r
lll F  (31) 

Proof. (ii) follows from (i) and the exact sequence (29). 

On the other hand, from (29), we obtain the exact sequence of 
cohomology groups 

( ) ( [ ] ) ( ) .0ker,ker0 1 →→→→→ fGHSGf GGrG
llF  

Since ( [ ] ) ,rGrG ll FF =  we have 

( )
( ) ( )

.
ker,ker 1 fGH

S

f

G

G

r
ll =

F  

From (30), we obtain ( ) ( ) ( ) .,ker, 01
SN

SSGHfGH
G

l

l
l ≅≅  Thus, 
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( )
( )

( ) .ker SNS
SN

S

f
r

G

G
r

G

l

l

l

l

l
l FF

==  

Since S has not components [ ],GR  applying Theorem 2.11, we have 
( ) { },0=SN l  that is, ( ) .1=SN l  Therefore, 

( ) .ker rrGf ll == F  

Using Proposition 4.4, we obtain ( ) .1ker =fN  Thus, 

( ) .0kerdim =fN
lF  

Finally, from Theorem 2.11, we obtain that 0=x  in (28), proving (i).   

Proposition 4.6. With the notation as above, we have 

[ ]
( ) .S
GS

r

l

l
l Ω

≅
F  

Proof. By Proposition 4.5, we have the exact sequence of [ ]GlF -
modules 

( ) [ ] .00 →→→Ω→ SGS r
lll F  (32) 

On the other hand, we have the exact sequence of [ ]GlF -modules 

( ) [ ] [ ]
( ) .00 →

Ω
→→Ω→ S

GGS
r

r

l

l
ll

FF  (33) 

Applying, Schanuel’s lemma (see Remark 2.3) to the exact sequences (32) 
and (33), we obtain the result.   

Proposition 4.7. With the notation as above, we obtain 

( )( ) [ ]
( ) .S
GS

r

l

l
l Ω

≅ΩΩ
F#  

Proof. The result is obtained by the exact sequence (33), and from the 

fact that [ ]
( )S
G r

l

l

Ω
F  has no [ ]GlF -injective components.   
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5. Implicit Characterization of L0Cl  

The goals in this section are two. The first is to obtain an exact 
sequence of [ ]GlF -modules, which characterizes implicitly in all cases, 

the [ ]GlF -module structure of .0LCl  That is, we obtain implicitly the 

Galois module structure of ,0LCl  this is, (39). The second objective is to 

obtain explicitly the Galois module structure of the dual of the l -part of 
the generalized Jacobian ( ).NX Jl  

We begin analyzing the decomposition as direct sum of 
indecomposable [ ]GlZ -modules of ( )lL0C  for the case, when KL  is 

unramified. In this case, the result is known in complete generality. 

Theorem 5.1 ([10], Rzedowski-Villa). Let KL  be a finite Galois 

unramified l -extension of function fields with Galois group G. Then, the 
Galois module structure of ( )lL0C  is given by 

( ) [ ] ( ) [ ] ,2
0 SR

GRGR dg
L K  






Ω≅ − #lC  (34) 

where [ ] [ ]
[ ]
R
GR

GR
R
GR d

≅





Ω#  and S is the [ ]GlZ -module given in the 

Theorem 3.1. 

Proof. See, [10], Theorem 3.1, page 558.   

In particular, considering the l -part of ( ),0 lLC  from (34), we obtain 

[ ] ( ) [ ]
[ ] .2

0 SG
GG

d
dg

L K
l

l

l

l
ll 



















≅ −

F
F
FFC  (35) 

The following result exhibits a relationship between the [ ]GlF -modules 

Sl  and [ ] .
l

l

F
F G  
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Proposition 5.2. If [ ]
l

l

F
F GT =  and Sl  is the l -part of the [ ]GlZ -

module S, then 

( ( )) [ ] .- ulesmodGasTS ll F#Ω≅ X  

Proof. From Proposition 3.7, we have ( ).SIG #Ω≅  Taking l -parts, 

we obtain ( ).SIG ll
#Ω≅  From Pontrjagin’s dual, we obtain ( ) ≅GIX  

( ( )).Sl#ΩX  Lemma 2.7, (iii), implies that ( ) [ ] .
l

l
l F

F GIG ≅X  Therefore, 

[ ] ( ( )).SG
l

l

l #Ω≅ XF
F  

Using properties of X  and Ω  (see Proposition 2.9), we obtain 

[ ] ( ( )) ( ( )).SSG
ll

l

l XX Ω≅Ω≅ #
F

F  

Taking Pontrjagin’s dual and using Proposition 2.4, we have 

( ) ( ( ( ))) ( ( ( ))) ( ).SSST lll
## Ω≅Ω≅Ω≅ XXXXX  

Applying Heller’s loop operator, we obtain 

( )( ) ( ( )) .SST ll ≅ΩΩ≅Ω #X  

Finally, we have 

( ( )) .ST l≅Ω#X   

In the unramified case, we obtain from Proposition 5.2 and (35) 

[ ] ( ) [ ]
[ ]

[ ]
[ ] ,2

0




































≅ −

l

l

l

l

l

l
ll

F
F
F

F
F
FF G

G
G

GG
dd

dg
L K XC  (36) 

where Kg  denotes the genus of K and d denotes the minimum number of 

generators of G. 
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On the other hand, applying Pontrjagin’s dual to NJl  in (5), we 

obtain 

( ) [ ]( ).12 SG dtgK
lll −−+≅ FJ XX N  (37) 

Since, for [ ]GlF -modules 1M  and ,2M  we have 

( ) ( ) ( ) ( )lll lll
FFF FFF ,Hom,Hom,Hom 212121 MMMMMM ⊕≅⊕=⊕X  

( ) ( ).21 MM XX ⊕=  

If follows that 

( ) ( [ ] ) ( ).12 SG dtgK
lll XXX N −−+≅ FJ  

We have proved, using Lemma 2.7 and Propositions 2.4 and 5.2. 

Theorem 5.3. Let KL  be a finite Galois l -extension of function 

fields with field of constants k, an algebraically closed of characteristic 
.l≠p  Then, the [ ]GlF -module structure of the dual of the l -part of the 

generalized Jacobian ( )NX Jl  is given by 

( ) [ ] [ ]
[ ] .12

l

l

l
ll

F
F
FFJ G

GG
d

dtgK −−+≅NX   

Next, we are interested in analyzing the [ ]GlF -module structure of the 

l -part of the usual Jacobian ( )lL0C  in the general case, i.e., the implicit 

characterization of L0Cl  for an arbitrary finite l -extension. 

Taking l -parts in the exact sequence (1), we obtain the exact 
sequence of [ ]GlF -modules 

.00 00  → → → → π
LCC lll NR  (38) 

From Theorems 3.1 and 4.3, we have 
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That is, we have an [ ]GlF -epimorphism 

( ) [ ] .:,id: 0
12

1 NCll →= +−−+ rdtgKGff F  

Then, 

[ ] L
rdtgKGf 0

12
1 :o Cll →π=Φ +−−+F  

is an [ ]GlF -epimorphism. 

Therefore, we have the commutative diagram 

 

From Schanuel’s lemma (see Remark 2.3) follows that the diagram 
characterizes L0Cl  as [ ]GlF -module. In short, we obtain the exact 

sequence of [ ]GlF -modules 

[ ] .0ker0 0
12  → → →Φ → Φ+−+−

L
rdtgKG CllF (39) 

Theorem 5.4. Let KL  be a finite abelian l -extension of function 

fields with field of constants k, an algebraically closed of characteristic 
.l≠p  Then, the [ ]GlF -module structure of L0Cl  is given implicitly by 

[ ] ( ) ( ),ker02
0 ΦΩ≅ − #dg

L KGll FC  (40) 

where 0d  denotes the minimum number of generators of =TG  

( ),Gal KK nr  with nrK  the maximal unramified extension of K in L. 

Proof. By the Krull-Schmidt-Azumaya theorem (see [1]), we have 

,0 BAL ≅Cl  
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where A is an injective [ ]GlF -module and B has no injective components. 

Applying the dual of Heller’s loop operator to the exact sequence (39), we 
obtain 

( ).ker ΦΩ≅ #B  

On the other hand, for A, in [4], it was proved, in the case, when KL  is 

a finite abelian l -extension, what [ ] ( ),02 dgKGA −≅ lF  where 0d  denotes 

the minimum number of generators of ( ),Gal KKTG nr=  with ,nrK  

the maximal unramified extension of K in L.   
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